Abstract. We study the circular motion of charged test particles in the gravitational field of a charged mass described by the Reissner-Nordström spacetime, focusing on the physical differences between black holes and naked singularities. We perform the most complete classification of circular orbits for different sets of the main physical parameters, and study numerically the behavior of the angular momentum and energy of the charged test particle. Our analysis shows in an alternative manner that the behavior of circular orbits can be used to distinguish between black holes and naked singularities.
Introduction
The Reissner-Nordström (RN) line element
in standard spherical coordinates, describes the background of a static gravitational source of mass M and charge Q, where ∆ = (r−r + )(r−r − ) and r ± = M ± M 2 − Q 2 are the radii of the outer and inner horizon, respectively. The motion of a test particle of charge q and mass µ moving in a RN background (1) is described by the following Lagrangian density:
where A α are the components of the electromagnetic 4-potential, the dot represents differentiation with respect to the proper time, and the parameter = q/µ is the specific charge of the test particle.
Since the Lagrangian density (2) does not depend explicitly on the variables t and φ, the following two conserved quantities exist
where L and E are respectively the angular momentum and energy of the particle as measured by an observer at rest at infinity. On the equatorial plane θ = π/2, the motion equations can be reduced to the formṙ 2 + V 2 = E 2 /µ 2 which describes the motion of a test particle inside an effective potential V . Then, it is convenient to define the potential
which corresponds to the value of E/µ at which the (radial) kinetic energy of the particle vanishes [1, 2, 3, 4] , i. e. it is the value at which r is a "turning point" (V = E/µ). The effective potential with positive (negative) sign corresponds to the solution with lim r→∞ E ± = ±µ.
Notice that in general E + ≥ E − and E + (L, , r) = −E − (L, − , r).
In the limiting case of vanishing charge, the effective potential reduces to
This case was analyzed previously in [5, 6] . In this work, we first found that the stability properties of neutral test particles strongly depend on the nature of the central source. Indeed, in the case of a RN black hole there exists a minimum radius at which the orbit is stable, and outside this radius all the orbits are stable so that there exists only one region of stability. In the case of a naked singularity, the situation is completely different; the region of stability splits into two nonconnected regions so that a zone appears inside which no stable circular orbit can exist. This means that the stability properties of circular orbits could, in principle, be used to differentiate between a black hole and a naked singularity.
In the general case of charged test particles, the presence of the additional term Q r changes completely the behavior of circular orbits, and leads to several possibilities which must be analyzed separately for black holes and naked singularities. In particular, it turns out that even in the case of the positive solution E + and Q < 0, negative energy states can exist [7] and also [8, 9, 10, 11, 12, 13, 14] . In [15] , we studied the spatial regions where circular motion is allowed around either black holes or naked singularities. As an example of the action of repulsive gravity, we found all the circles at which a particle can have vanishing angular momentum. We showed that it is possible to use the geometric structure of stable accretion disks, made of only test particles moving along circular orbits around the central body, to clearly distinguish between black holes and naked singularities (see also [16, 17] and [18, 19] ). For a recent discussion on the matter of naked singularity and black hole physics see [20, 21] and [22, 23, 24] . Also, there is extensive literature about particle motion in the RN background. We refer in particular on [15] and reference therein. More recent generalizations of previous analysis are given in [25] and [26] .
In this work, we deepen the analysis performed in [15] in order to obtain the complete classification of circular motion around a RN black hole in section 2 and around a RN naked singularity with 0 < < 1, in section 4.1, and with −1 < < 0, in section 4.2. Conclusions close the paper in section (5)
Circular motion
The effective potential (5) regulates the circular motion of charged test particles. Only the special case of the positive solution V + will be considered here in order to be able to compare our results with those obtained in the case of neutral test particles analyzed in [5, 6] . The extrema of the function V + defined by the relations
determine the radius of circular orbits and the corresponding values of the energy E and the angular momentum L. In the following analysis, we drop the subindex (+). Solving (7) with respect to L, we find the specific angular momentum
of the test particle on a circular orbit of radius r, where
and the corresponding energy:
An interesting particular orbit is the one for which the particle is located at rest as seen by an observer at infinity, i.e., with L = 0. These "orbits" are therefore characterized by the following conditions
[27]. Solving (11) for Q = 0 and = 0, we find the following radius
which is a generalization of the classical radius r * = Q 2 /M of a mass M with charge Q. A detailed analysis of the behavior of this radius was presented in [15] .
Circular motion around a RN black hole
In this section, we present a classification of the circular orbits around a RN black hole (Q ≤ M ) by using certain values of the parameters L and which follow from the conditions of circular motion. It can be considered as an alternative classification to that presented in [15] , in which the value of the ratio Q/M plays a central role. Here we are interested in the region outside the outer horizon r + . Let us introduce the parameters˜
the behavior of which is depicted in figures 1 and 2. Moreover, let us introduce the radius
which represents the limiting radius at which neutral particles can be in circular motion around a RN naked singularity [5] , the angular momentum parameter and 
17) which satisfies the relationship (dV /dr)(L n , r + γ ) = 0, and the radius
where
We consider separately the two cases < 1 and > 1 and investigate the value of the allowed orbit's radius and the corresponding angular momentum. The results are summarized for ≤ 1 in Table 1 , and for > 1 in Tables 3 and 4 . Moreover, the characteristic parameters for all the different cases are listed in Table 2 . We can summarize the results as follows. For ≤ 1, Table 1 , the infimum circular orbital radius is located at r + γ (r + l ) for < 0 (0 < ≤ 1). The situation is much more complicated for the case (0 < ≤ 1). In this case, the electromagnetic interaction is repulsive, and is balanced by the attractive gravitational component. Different values of the angular momentum are possible in the set {±L ± , ±L n }. The region in which circular orbits are allowed is therefore split by the radius r + γ and r + l . The case > 1 should be considered apart. This corresponds to the real case of charged elementary particles, like electrons, protons and ions, orbiting around a charged source. In the case Q > 0 with > 1, the circular motion dynamics is determined by the classification given in 3, for a fixed source charge-to-mass ratio, or in 4, for a fixed particle charge-to-mass ratio.
First, we can recognize nine different situations listed in Table ( 2). There are orbits with angular momentum L = ±L ± , L = ±L n or even L = 0. This last case occurs when the particle is located at rest with respect to an observer at infinity. Clearly, these particular "orbits" are the consequence of the full balance between the attraction and repulsion among test particles and sources. The infimum circular orbital radius can be r = r + γ , r = r + l or also r = r + s . Comparing with the case < 1, we can clearly see that the main difference between the two cases consists in the presence of a supremum circular orbital radius at r = r + γ or at r = r + s . This means that the repulsive electromagnetic effect, predominant at larger distances, does not allow circular orbits around the source. The classifications of Table 3 and Table 4 are alternative and equivalent. In the first one, if we fix the charge-to-mass ratio of the black hole, and we move towards increasing values of the particle charge-to-mass Table 3 . Classification of the circular orbits of a charged test particle with charge-to-mass ratio > 1 in terms of the value of the ratio Q/M of a RN black hole.
ratio, we find four classes of objects characterized by
respectively. Thus, for a fixed charge of the spacetime, and following Table 3 and  Table ( 2), we can trace a picture of the dynamical properties of that spacetime. An Table 4 . Classification in terms of the charge-to-mass ratio > 1 of the circular orbits of a charged test particle moving in the field of a RN black hole with mass M and charge Q. example is provided in figure 3 and figure 4 , where the case of a spacetime of chargeto-mass ratio Q = 0.1M is illustrated. On the other hand, in Table 4 , if we fix the charge-to-mass ratio of the test particle, and move towards increasing values of the charge-to-mass ratio of the source, we find only two different cases: ≤ 2 and > 2. Using this classification, we can determine the orbital radius followed by the selected particle in the fixed spacetime.
Circular motion around a RN naked singularity
Equations (7) govern the circular motion around a RN naked singularity (Q ≤ M ). Because (8) and (10) define the angular momentum L ± and the energy E ± in terms of r/M , Q/M , and , it is necessary to investigate several intervals of values. To this end, as in [15] , it is useful to introduce the following notation 
where˜ − =˜ and˜ + = n as defined in (13) and (14), respectively. For completeness, and following [15] , we reproduce here in figure 5 the behavior of these parameters in terms of the ratio Q/M > 1. It follows from figure 5 that it is necessary to consider the following four intervals:
This analysis completes the classification briefly presented in [15] , and now contains all the different cases that are allowed by the values of . For > 0, in general, circular orbits exist in the region r > r * ≡ Q 2 /M . In particular, for > 1 and M < Q < 9/8M circular orbits exist with angular momentum L = L + in the interval r − γ < r < r + γ , while for Q ≥ 9/8M no circular orbits exist [15] . The energy and angular momentum of circular orbits diverge as r approaches the limiting orbits at r ± γ : the boundary r = r + γ in this case corresponds to a lightlike hypersurface. Finally, the energy of the states is always positive.
Since for Q > 0 the Coulomb interaction is repulsive, the situation characterized by the values for Q ≥ 9/8M and > 1 corresponds to a repulsive electromagnetic effect that cannot be balanced by the attractive gravitational interaction. 
For
< −1, the contribution of the electromagnetic interaction is always attractive. Hence, the repulsive force necessary to balance the attractive effects of the gravitational and Coulomb interactions can be generated only by the RN naked singularity. In particular, for < −1 and for Q > 9/8M circular orbits with L = L + always exist for r > 0. For M < Q ≤ 9/8M , circular orbits exist with L = L + in 0 < r < r − γ and r > r + γ . Charged test particles with < −1 can move along circular orbits also in the region (0, r * ]. The value of the energy on circular orbits increases as r approaches r = 0, and the angular momentum, as seen by an observer located at infinity, decreases as the radius of the orbit decreases. In the region M < Q ≤ 9/8M , two limiting orbits appear at r ± γ (similar to the neutral particle case [5] ). In the second interval, 5/(2 √ 6) < Q/M < (3 √ 6)/7, we analyze the energy and angular momentum of charged test particles for the following cases: In the region Q > 9/8M , the only case in which circular orbits exist is for 0 < < M/Q. See figure 23 . In general we can summarize the situation as follows.
There is always a minimum radius r min at which circular motion is allowed. At the radius r − γ the energy of the test particle diverges, indicating that the hypersurface r = r − γ is lightlike. In the simplest case, there is a minimum radius r min so that circular orbits are allowed in the infinite interval ]r min , ∞). Otherwise, this region is split by a lightlike hypersurface situated at r + γ > r min . Another possible structure is that of a spatial configuration formed by two separated regions in which circular motion is allowed in a finite region filled with charged particles within the spatial interval (r min = r − γ , r max = r + γ ). This region is usually surrounded by an empty finite region in which no motion is allowed. Outside the empty region, we find a zone of allowed circular motion in which either only neutral particles or neutral and charged particles can exist in circular motion. In general two different configurations are allowed. For Q > 9/8M a continuous region appears from a minimum radius r min ∈ {r ± s , Q 2 /(2M )} to infinity in which circular orbits are allowed. For M < Q ≤ 9/8M there is a non connected region (r min , ∞) inside which there is a forbidden region (r − γ , r + γ ). The configuration is therefore composed of two disconnected regions.
Conclusions
In this work, we explored the motion of charged test particles along circular orbits in the spacetime described by the Reissner-Nordström metric. A detailed discussion of the dynamics for the black hole and naked singularity cases has been performed. Circular orbits have been classified in detail for a complete set of cases.
We adopt the effective potential approach to study test particle orbits in the Reissner-Nordström spacetime, focusing on the equatorial orbits. We explore the morphology of the orbital regions. This analysis leads to a clear differentiation between naked singularities and black holes. A remarkable implication of this description is that the circular orbit configuration in the black hole case is not allowed in the naked singularity regime. Instead, the study of the circular orbits trace out a possible way to distinguish the two physical situations.
In a series of previous works [5, 6, 15] , we analyzed the dynamics of the RN spacetime, and studied the motion of neutral and charged test particles, by using the effective potential approach. We showed that in the case of charged test particles the term Q/r drastically changes the behavior of the effective potential. The study shows the existence of stability regions whose geometric structure clearly distinguishes naked singularities from black holes (see also [16, 17] and [18, 19] ). In [15] , in particular, we studied the spatial regions of the RN spacetime where circular motion is allowed around either black holes or naked singularities. We showed that the geometric structure of stable accretion disks allows us to clearly distinguish between black holes and naked singularities. In this work, we presented the complete classification of circular motion around a RN black hole, and around a RN naked singularity with 0 < < 1 and −1 < < 0.
Clearly, this analysis could be used to construct an accretion disk with disconnected rings made of test particles. A precise characterization of matter configurations surrounding a charged compact astrophysical object can account for significant astrophysical processes observed in the electromagnetic band, like the jet emissions. Therefore understanding the dynamics around compact objects is important for the understanding of the accretion disk phenomena and the classification of their general properties.
In the naked singularity case, gravity can assume a repulsive nature that produces a complicate picture of dynamics around the source. We distinguish four regions of charge-to-mass ratio values of the source that characterized these configurations. In each region, different cases can occur: an infinite, continuum, region or otherwise a disconnected region. In the black hole case the circular orbits configuration strongly varies if ≤ 1 or > 1. An infimum radius always appears, and in the case > 1 a supremum circular orbits radius can appear.
